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/LQHDU WRROSDWKJHQHUDWHGE\&$0VRIWZDUHV LV WKHPRVW
ZLGHVSUHDG UHSUHVHQWDWLRQ IRUP RI WRRO SDWK IRU &1&
PDFKLQLQJ DQG KDV EHHQZLGHO\ DSSOLHG WR WKH SURGXFWLRQ RI
FRPSOH[ SDUWV VXFK DV GLHPROGV WXUELQHV LPSHOOHUV DQG
YDULRXV DHURVSDFH FRPSRQHQWV +RZHYHU WDQJHQWLDO DQG
FXUYDWXUHGLVFRQWLQXLWLHVRQ OLQHDU WRROSDWKEULQJ WR IHHGUDWH
IOXFWXDWLRQ DQG DFFHOHUDWLRQ RVFLOODWLRQ ZKLFK ZLOO GHJUDGH
PDFKLQLQJHIILFLHQF\>@,PSURYLQJWKHVPRRWKQHVVRIOLQHDU
WRRO SDWK KDV EHFRPH PRUH DQG PRUH VLJQLILFDQW LQ KLJK
IHHGUDWH DQG KLJK DFFXUDF\ PDFKLQLQJ 6FKRODUV KDYH GRQH
PDQ\UHVHDUFKHVLQWKLVILHOGVXFKDVDSSUR[LPDWLRQVPRRWKLQJ
PHWKRGV>@DQGLQWHUSRODWLRQVPRRWKLQJPHWKRGV>@
5HFHQWO\ EHVLGHV JOREDO FRUQHUVPRRWKLQJ VFKHPH ORFDO
FRUQHUVPRRWKLQJVFKHPHLVLQFUHDVLQJO\UHTXLUHGLQWKHILHOG
RI&1&PDFKLQLQJ
0RVWORFDOFRUQHUVPRRWKLQJDSSURDFKHVXWLOL]HDSDUDPHWULF
FXUYH IRU WUDQVLWLRQ GXH WR WKH UHTXLUHPHQW RQ FRQWLQXLW\
EHWZHHQOLQHDUWRROSDWKDQGWUDQVLWLRQFXUYH8VXDOO\%H]LHU
FXUYHZLWKIRXUFRQWUROSRLQWV>@RUFXELF%VSLQHZLWKILYH
FRQWURO SRLQWV >@ LV HPSOR\HG DV WUDQVLWLRQ FXUYH WR VPRRWK
FRUQHU RZLQJ WR WKH PHULWV RI FXUYDWXUH FRQWLQXLW\ EHWZHHQ
OLQHDU WRRO SDWK DQG WUDQVLWLRQ FXUYH DQG WKH DQDO\WLFDO
FDOFXODWLRQRIFXUYDWXUHH[WUHPH+RZHYHUWKHUHLVRQHIDFWRU
OLPLWLQJ WKH DSSOLFDWLRQ RI DERYHPHWKRGV LQ UHDOWLPH &1&
PDFKLQLQJ WKH RSWLPL]DWLRQ SUREOHP QHHGV WR EH VROYHG WR
GHWHUPLQHWKHRSWLPDOWUDQVLWLRQOHQJWKV,WLVZRUWKPHQWLRQLQJ
WKDW WKHKXJHDPRXQWRIPDFKLQLQJGDWD LVDOVRDPDMRU LVVXH
KLQGHULQJDSSOLFDWLRQRIFRUQHUVPRRWKLQJDOJRULWKPV LQUHDO
WLPH&1&PDFKLQLQJ ,QRUGHU WRDSSO\ UHDO WLPHPDFKLQLQJ
FRQYHQWLRQDO  HGJH PHWKRGV >@ DGRSW WKH KDOI RI WKH
OHQJWKRIWKHOLQHDUWRROSDWKWRDYRLGLWHUDWLRQZKLFKVDFULILFHV
WKH IUHHGRPV RI WUDQVLWLRQ FXUYH DQG UHVWULFWV WKH IHHGUDWH DW
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FXUYDWXUHH[WUHPHSRLQWRIWKHWUDQVLWLRQFXUYHWRDORZHURQH
+HQFHWKHDERYHSUREOHPUHPDLQVXQVROYHG
,QWKLVSDSHUDORFDOO\RSWLPDOFRUQHUVPRRWKLQJDOJRULWKP
ZLWKORZFRPSXWDWLRQDOFRPSOH[LW\LVSURSRVHGWRJHQHUDWHD
ORFDOO\ RSWLPDO WUDQVLWLRQ FXUYH WDNLQJ IXOO DGYDQWDJH RI WKH
IUHHGRPV RI WUDQVLWLRQ FXUYH7KHRSWLPL]DWLRQ SUREOHPZLWK
UHVSHFW WR WUDQVLWLRQ OHQJWK LV UHIRUPXODWHG DV D TXDGUDWLF
HTXDWLRQ ZLWK UHVSHFW WR WUDQVLWLRQ OHQJWK 8QGHU VSHFLILHG
FRQVWUDLQWVRQOLQHDUVHJPHQWOHQJWKVDQGDSSUR[LPDWLRQHUURU
WKHWUDQVLWLRQOHQJWKFDQEHDQDO\WLFDOO\REWDLQHG7KHRYHUDOO
WUDQVLWLRQDOJRULWKPVXPPDUL]HGLQ)LJFRQVLVWVRIWZRVWHSV
L GHILQLQJ WKH WUDQVLWLRQ XQLW LL JHQHUDWLQJ ORFDOO\ RSWLPDO
MRLQWSRLQW 7R LOOXVWUDWH WKH HIIHFWLYHQHVV WKH SURSRVHG
DSSURDFKLVFRPSDUHGZLWKHGJHPHWKRG

)LJ)ORZFKDWRIWKHORRNDKHDGLQWHUSRODWLRQDQGPRWLRQFRQWUROOHU
1RPHQFODWXUH
 i uB   i uB WUDQVLWLRQFXUYHV
iP SRLQWRIOLQHDUWRROSDWK
 
i id d OHQJWKVRIFRQWUROSRO\JRQ
c SRVLWLYHFRQVWDQW
     i i i ib b b b FRQWUROSRLQWVRI%H]LHUFXUYH
H WKUHVKROGRIDSSUR[LPDWLRQHUURU
PD[N FXUYDWXUHH[WUHPHRIWKH WKi WUDQVLWLRQFXUYH
i iT T XQLWWDQJHQWLDOYHFWRUV
i i[ ]  DX[LOLDU\YDULDEOHV
icP ORFDOO\RSWLPDOMRLQWSRLQWEHWZHHQWZRWUDQVLWLRQXQLWV
 
i iL L PD[LPXPSHUPLWWHGWUDQVLWLRQOHQJWK
n ta a QRUPDOWDQJHQWLDODFFHOHUDWLRQOLPLWDWLRQV
n tj j QRUPDOWDQJHQWLDOMHUNOLPLWDWLRQV
G FKRUGHUURU
sT VDPSOLQJLQWHUYDO
< (XFOLGHDQQRUP
i iD E LQFOXGHGDQJOHVRIWZRDGMDFHQWOLQHDUVHJPHQWV
7KHUHPDLQGHURIWKLVSDSHULVRUJDQL]HGDVIROORZV,QQH[W
VHFWLRQWKHSUHOLPLQDULHVDERXWFXUYDWXUHFRQWLQXLW\WUDQVLWLRQ
VFKHPH LV SUHVHQWHG ,Q 6HFWLRQ  WKH DSSURDFK WR ORFDOO\
VPRRWKFRUQHULVSUHVHQWHG7KHFRPSDUDWLYHH[SHULPHQWVDUH
FRQGXFWHGWRYHULI\WKHHIIHFWLYHQHVVRIWKHSURSRVHGDSSURDFK
LQ6HFWLRQDQGFRQFOXVLRQVDUHJLYHQLQ6HFWLRQ
&XUYDWXUHFRQWLQXRXVWUDQVLWLRQVFKHPH

)LJ'HVFULSWLRQRIFXUYDWXUHFRQWLQXRXVWUDQVLWLRQVFKHPHDOLQHDUWRRO
SDWKEHIRUHWUDQVLWLRQEEOHQGHGWRROSDWKDIWHUWUDQVLWLRQFFXELF%VSOLQH
FXUYHDVWUDQVLWLRQFXUYHGWZRFXELF%H]LHUFXUYHVDVWUDQVLWLRQFXUYHV
DIWHULQVHUWLQJNQRW u  WZLFH
7R PD[LPL]H WKH IHHGUDWH RI OLQHDU WRRO SDWK ZKLFK LV
GHSLFWHG LQ )LJ D -RXDQHK DQG:DQJ >@ UHSODFHG WKH
FRUQHUZLWKDFLUFOHIRUIDVWFRUQHULQJ,QFRQVLGHUDWLRQRI G
FRQWLQXLW\ %H]LHU 3+ %VSOLQH DQG 185%6 FXUYHV DUH
DGRSWHG WR EOHQG DGMDFHQW OLQHDU VHJPHQWV DV VKRZQ LQ)LJ
E,QRUGHUWRPDNHWKHLQWHJULW\RIGLVFXVVLRQDFXUYDWXUH
FRQWLQXRXV%H]LHUFXUYHZLWKIRXUFRQWUROSRLQWVDVVKRZQLQ
)LJGREWDLQHGE\LQVHUWLQJNQRWRID%VSOLQHFXUYHZLWK
ILYHFRQWUROSRLQWVDVVKRZQLQ)LJFLVEULHIO\LQWURGXFHG
EHIRUHWKHSURSRVHGWUDQVLWLRQDOJRULWKP
2.1. Control points of Bezier curve 
$%VSOLQH FXUYH LV VSOLW LQWR WZR%H]LHU FXUYHVZLWK WKH
VDPHJHRPHWU\E\LQVHUWLQJNQRW u  WZLFH$VDQDO\]HGLQ
5HI>@FRQWUROSRLQWVRI%H]LHUFXUYHDVDWUDQVLWLRQFXUYHDUH
LQWKHIRUPRI

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2.2. Curvature extreme of Bezier curve 
7KHFXUYDWXUHH[WUHPHRIWUDQVLWLRQFXUYHLQ)LJGRFFXUV
DWWKHMXQFWLRQRIWZR%H]LHUFXUYHVDQGWKHYDOXHLV
 PD[ VLQ  FRV
i i idN D D  
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/RFDOO\RSWLPDOWUDQVLWLRQDOJRULWKP

)LJ/RFDOO\RSWLPDOWUDQVLWLRQDOJRULWKPD6HOILQWHUVHFWLRQRFFXUVZKHQ
DSSUR[LPDWLRQHUURULVHTXDOWR H E1RVHOILQWHUVHFWLRQRFFXUVDIWHUORFDOO\
RSWLPDOWUDQVLWLRQDOJRULWKP
,WVKRXOGEHQRWHGWKDWWKHOHQJWKRIWKHOLQHDUVHJPHQWOLPLWV
WKH UHDOWLPH DSSOLFDWLRQ RI FRPPRQO\ XWLOL]HG WUDQVLWLRQ
PHWKRGVZKHQDSSUR[LPDWLRQHUURULVHTXDOWRRUOHVVWKDQWKH
WKUHVKROGRIDSSUR[LPDWLRQHUURUDVVKRZQLQ)LJD,QWKLV
VHFWLRQ DQ DSSURDFK LV SURSRVHG WR UHDOL]H UHDOWLPH FRUQHU
VPRRWKLQJPHWKRGDSSOLHGWRFRPSOH[WRROSDWK
3.1. Mathematical model 
7KH PDWKHPDWLFDO PRGHO RI ORFDOO\ RSWLPDO WUDQVLWLRQ
DOJRULWKPLVHVWDEOLVKHGLQFRQVLGHUDWLRQRIWZRFULWLFDOIDFWRUV
DIIHFWLQJ PDFKLQLQJ HIILFLHQF\ LH UHDO WLPH DQG FXUYDWXUH
GLVWULEXWLRQRI WRROSDWK7KHDQDO\WLFDOFXUYDWXUH VROXWLRQ LQ
(T SURYLGHVDVLPSOHZD\ WRRSWLPL]H WKHQHZWRROSDWK
FRPSRVHGE\OLQHDUVHJPHQWVDQGSDUDPHWULFFXUYHV*LYHQD
WUDQVLWLRQXQLWLQFOXGLQJIRXUGDWDSRLQWVDVVKRZQLQ)LJE
WKLVOHDGVWRWKHIROORZLQJFRQVWUDLQHGRSWLPL]DWLRQSUREOHP
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,QWKLVVHQVHWKHRSWLPL]DWLRQSUREOHPLVVROYHG
DQDO\WLFDOO\DQGWKHSURSRVHGPHWKRGFDQEHDSSOLHGWRUHDO
WLPH&1&PDFKLQLQJ
3.2. Optimization algorithm 
$V DQDO\]HG LQ 6HFWLRQ  WKH PDWKHPDWLFDO PRGHO LV
HVWDEOLVKHGWRDQDO\WLFDOO\VPRRWKWUDQVLWLRQXQLW,WVKRXOGEH
PHQWLRQHG WKDWD WRROSDWKFRPSULVLQJPDQ\ OLQHDU VHJPHQWV
ZLOOKDYHPXOWLXQLWDQGZHSUHVHQWWKHIROORZLQJDOJRULWKPWR
KDQGOHPXOWLXQLWVLWXDWLRQV
$OJRULWKP/RFDOO\RSWLPDOWUDQVLWLRQDOJRULWKP
,QSXW'DWDSRLQWV^ `   i i n d d P \ RI OLQHDU WRRO SDWK WKUHVKROGRI
DSSUR[LPDWLRQ HUURU H VSHFLI\LQJ WKH GHVLUHG DFFXUDF\ RI WKH DOJRULWKP
2XWSXW1HZWRROSDWKFRPSULVLQJOLQHDUVHJPHQWVDQG%H]LHUFXUYHV
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 (QGLI
 (QGIRU
6LPXODWLRQV
,QWKLVVHFWLRQWZROLQHDUWRROSDWKV*ROGILVKDQG'LDPRQG
DUHFKRVHQWRGHPRQVWUDWHWKHYDOLGLW\RIWKHSURSRVHGPHWKRG
7KHDOJRULWKP LV LPSOHPHQWHGXVLQJ&SURJUDPPLQJ7KH
SDUDPHWHUV XVHG LQ LQWHUSRODWLRQ DUH OLVWHG LQ 7DEOH  RI
$SSHQGL[$
4.1. Example 1  

)LJ*ROGILVKWRROSDWK

)LJ7DQJHQWLDOIHHGUDWHDQGDFFHOHUDWLRQSURILOHVDORQJ*ROGILVKWRROSDWK
D7DQJHQWLDOIHHGUDWHSURILOHVE7DQJHQWLDODFFHOHUDWLRQSURILOHV

)LJ'HFRPSRVHGIHHGUDWHDQGDFFHOHUDWLRQSURILOHVD'HFRPSRVHG
IHHGUDWHSURILOHVE'HFRPSRVHGDFFHOHUDWLRQSURILOHV
7KH ILUVW OLQHDU WRROSDWK LVD*ROGILVK WUDMHFWRU\ZLWK
OLQHDUVHJPHQWVVKRZQLQ)LJ7KHFRPPDQGIHHGUDWHLVVHW
WR PP V 
&RPSDUDWLYH DQDO\VLV LV FRQGXFWHG E\ D OLQHDU WRRO SDWK
ZLWKRXW FRUQHUVPRRWKLQJ ,W VKRXOG EH PHQWLRQHG WKDW WKH
PRWLRQPXVWEHFRPPDQGHGWRSHUIRUPDQLQVWDQWDQHRXVVWRS
DWWKHHQGRIOLQHDUVHJPHQWGXHWRWKHSRVLWLRQFRQWLQXLW\RI
WKHOLQHDUWRROSDWK7KHVLPXODWLRQUHVXOWVDUHVKRZQLQ)LJ
DQG)LJ,WFDQEHVHHQIURPWKHILJXUHVWKDWPDFKLQLQJWLPH
H[KLELWVGHFUHDVHVIURPVWRVZKHQWKHSURSRVHG
DSSURDFKLVHPSOR\HG,WGHPRQVWUDWHVWKHHIIHFWLYHQHVVRIWKH
FXUYDWXUHFRQWLQXRXVWUDQVLWLRQDOJRULWKP
4.2. Example 1 

)LJ/LQHDUWRROSDWKDQGFXUYDWXUHGLVWULEXWLRQD'LDPRQGWRROSDWKE
&XUYDWXUHGLVWULEXWLRQRIILUVW%H]LHUFXUYHDVWUDQVLWLRQFXUYH

)LJ7DQJHQWLDOIHHGUDWHSURILOHVDORQJ'LDPRQGWRROSDWK
7KHVHFRQGOLQHDUWRROSDWKLVD'LDPRQGWUDMHFWRU\ZLWK
OLQHDU VHJPHQWV VKRZQ LQ )LJ D DQG WKH DVVRFLDWHG GDWD
SRLQWV DUH OLVWHG LQ 7DEOH  RI $SSHQGL[ % 7KH FRPPDQG
IHHGUDWHRIWRROSDWKLVVHWWR PP V 
7R LOOXVWUDWH WKHHIIHFWLYHQHVVRI WKHSURSRVHGDSSURDFKLQ
6HFWLRQ   HGJHPHWKRG LV XWLOL]HG KHUH IRU FRPSDUDWLYH
DQDO\VLV ,Q)LJD WKHJUHHQVROLG OLQHDUVHJPHQWV WKH UHG
VROLGDQGEOXHVROLGFXUYHVUHSUHVHQWOLQHDUWRROSDWKWUDQVLWLRQ
FXUYHVREWDLQHGE\HGJHPHWKRGDQGWKHSURSRVHGPHWKRG
UHVSHFWLYHO\,Q)LJEWKHUHGVROLGFXUYHLVWKHFXUYDWXUH
SURILOHRIILUVW%H]LHUFXUYHREWDLQHGE\HGJHPHWKRGZKLOH
WKHEOXHVROLGFXUYHUHSUHVHQWVWKDWREWDLQHGE\WKHSURSRVHG
PHWKRG,WFDQEHREVHUYHGIURPWKHILJXUHWKDWWKHFXUYDWXUH
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H[WUHPH PP ZLWKHGJHPHWKRGLVJUHDWHUWKDQWKDW
 PP ZLWKWKHSURSRVHGDSSURDFK$VVKRZQLQ)LJWKH
UHGVROLGDQGWKHEOXHVROLGFXUYHVUHSUHVHQWWDQJHQWLDOIHHGUDWH
SURILOHVUHVSHFWLYHO\DQGWKHIHHGUDWHVDWFRUQHUVDQG
 ZKLFK DUH VXPPDUL]HG LQ 7DEOH  DUH LQFUHDVHG ,W
GHPRQVWUDWHVWKHVXSHULRULW\RIWKHSURSRVHGPHWKRGLQWHUPV
RI LQFUHDVLQJ IHHGUDWH ZKLFK IXUWKHU LPSURYHV PDFKLQLQJ
HIIHFWLYHQHVV
7DEOH&RPSDUDWLYHDQDO\VLVRQIHHGUDWH PP V 
 &RUQHU &RUQHU &RUQHU &RUQHU
HGJHPHWKRG    
3URSRVHGPHWKRG    
&RQFOXVLRQV
,Q WKLV SDSHU DQ DQDO\WLFDO ORFDOO\ RSWLPDO FXUYDWXUH
FRQWLQXRXVWUDQVLWLRQDOJRULWKPWKDWXWLOL]HV%VSOLQHFXUYHIRU
OLQHDU WRRO SDWK LV SURSRVHG 7KH RSWLPL]DWLRQ SUREOHP LV
UHIRUPXODWHGDVDTXDGUDWLFHTXDWLRQZLWKUHVSHFWWRWUDQVLWLRQ
OHQJWK&RPSDUHGZLWKWKHFRQYHQWLRQDOWUDQVLWLRQPHWKRGVWKH
SURSRVHGDSSURDFKKDVWKHIROORZLQJDGYDQWDJHV
x 7DNHIXOODGYDQWDJHRIWKHIUHHGRPVRIWUDQVLWLRQFXUYH
x 2EWDLQWKHWUDQVLWLRQFXUYHVDQDO\WLFDOO\
7RGHPRQVWUDWHWKHHIIHFWLYHQHVVRIWKHSURSRVHGDSSURDFK
HGJHPHWKRG LVXWLOL]HGDVDFRPSDULVRQ7KHVLPXODWLRQ
UHVXOWV VKRZ WKDW WKH ORFDOO\ RSWLPDO WUDQVLWLRQ DOJRULWKP
GHFUHDVHV WKH FXUYDWXUH H[WUHPH RI WUDQVLWLRQ FXUYH DQG
LQFUHDVHVWKHIHHGUDWHDWWKHFXUYDWXUHH[WUHPHSRLQWFRPSDUHG
ZLWKHGJHPHWKRGZKLFKGHPRQVWUDWHVWKHHIIHFWLYHQHVVRI
WKHSURSRVHGDSSURDFK
$FNQRZOHGJHPHQWV
7KLVZRUNZDVSDUWLDOO\VXSSRUWHGE\WKH1DWLRQDO1DWXUDO
6FLHQFH)RXQGDWLRQRI&KLQDXQGHUJUDQW1RDQG
WKH 6FLHQFH 	 7HFKQRORJ\ &RPPLVVLRQ RI 6KDQJKDL
0XQLFLSDOLW\XQGHUJUDQW1RV-&DQG
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